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ABSTRACT
Using the superspace formalism, we compute for the two-dimensional
N=1 supersymmetric non-linear σ-model, the order (α′)2 (Rmnpq)
2 (three-
loop) correction to the central charge via the operator product expansion
of the supercurrent with itself. The contribution vanishes, in agreement
with previous results obtained from the usual σ-model β-function ap-
proach.
June 24, 2017
∗Current address: Mars Scientific Consulting, 28 Limeridge Dr., Kingston, ON CANADA K7K 6M3
1 Introduction
Two-dimensional superconformal field theory (SCFT) has proven to be a useful
means for investigating the relationship between supersymmetric non-linear sigma-
models and superstrings in background fields. Conformal invariance is necessary
for consistent string propagation in a curved background, and this effectively forces
the β-functions of the corresponding σ-model to be zero. The equations β = 0 so
obtained can then be identified as the equations of motion of the background fields
— the metric Gij(X), the antisymmetric tensor Bij(X), and the dilaton Φ(X). The
results of string computations have been found to be in agreement with those from
σ-model calculations [1, 2, 3].
From SCFT we get expressions for the operator product expansion (OPE) of
two operators. It is possible to use these OPE’s as an alternative means of obtain-
ing the σ-model β-functions, instead of using the standard renormalization group
procedures. Specifically, the expectation value < J(z) J(z′) >, where the opera-
tor J is the supercurrent, can be computed perturbatively for the σ-model. Once
computed, < J(z) J(z′) > can be compared with the result of J(z)J(z′) from the op-
erator product expansion. Calculations of this type have been done for the bosonic
σ-model [4], and for the N=1 supersymmetric case (to one-loop order for βGij and
βBij , and to two-loop order for β
Φ) [5]. In these calculations, additional terms appear
in the perturbation expansion of < J(z) J(z′) > that do not exist in the OPE for
J(z)J(z′). These extra terms can be observed to be essentially the β-functions of the
σ-model and when set to zero for consistency with the OPE’s, yield the background
equations of motion for the superstring fields.
In this paper we apply this alternate method of computing the β-functions to the
N=1 supersymmetric σ-model (for the case Bij = 0), by examining < J(z) J(z
′) >
at three loops for extra contributions to the central charge of the form (Rijkl)
2,
where Rijkl is the background Riemann tensor. Terms of this form appear at two
loops for the bosonic σ-model when the metric β-function is computed using the
usual approach, but they do not appear in the supersymmetric case [6, 7, 8, 9, 10].
This makes the OPE calculation of particular interest. We would like to use the
OPE method to obtain βGij directly, and thus determine whether or not there are
any new two-loop corrections. However, corrections to the central charge are given
by βΦ, and from the usual σ-model β-function results, β
G(L)
ij ∼ δβ
Φ(L+1)
δGij
, where
L is the number of loops. Because the OPE generates quite a large number of
two-loop diagrams that contribute to βGij , we compute instead contributions to β
Φ
at three loops (from a considerably smaller set of diagrams), of the form (Rmnpq)
2.
These terms are the ones which could lead to new contributions to βGij of the form
Ri
klmRjklm. From previous calculations [6, 7, 8, 9, 10], the contribution from the
extra (Rijkl)
2 terms is expected to be zero and the result of our calculation indicates
that this is indeed the case.
The paper is organized as follows: In section 2, we give the action of the N =1
1
supersymmetric non-linear σ-model, the OPE for the supercurrent with itself, and
the background field expansions for both of them. Section 3 discusses the calculation
of the three-loop correction to the central charge. Our notation and conventions are
those of [11] and are listed in the appendix, along with a discussion of the techniques
used and a sample diagram computation. Details of the calculation can be found in
ref. [12].
2 Action, OPE and the Background Field Expansion
The use of OPE’s for obtaining the supersymmetric σ-model β-functions was first
presented in [5]. From superconformal field theory, the supercurrent J+ must satisfy
the OPE
J+ (z)J+ (z
′) ∼ c/4
S 3
+
3
2
λ+
S 2
J+ (Σ) +
1
2
D+J+ (Σ)
S
+ finite terms , (2.1)
where S = x − x′ − iθ+θ′+ is the supersymmetric coordinate difference, λ± =
1
2
(θ − θ′)±, the midpoint is Σ = { 1
2
(x+ x′)±, 1
2
(θ + θ′)±}, and c is the central
charge. The procedure we follow now is just as in the previous bosonic [4] and
supersymmetric cases [5] — calculate the expectation value < J+ (z) J+ (z
′) >,
and demand that (2.1) hold true.
We start with the action for the non-linear σ-model coupled to 2-D supergravity
S = − 1
4piα′
∫
d2x d2θE−1[Gij(X)D+X iD−Xj + α
′
2
R(2)Φ(X)] , (2.2)
where D± are the supergravity covariant derivatives, the superfield R(2) is the scalar
curvature of the 2-D worldsheet, and E−1 is the superdeterminant of the inverse
superzweibein. The supercurrent J+ is defined to be:
J+ =
2δS
δH+
∣∣∣∣
H+ =0
. (2.3)
H+ is the supergravity gauge field, and the supercurrent is the variation of the
action with respect to this field. We find
J+ = − 1
2piα′
[Gij(X)∂ X
iD+X
j − α′∂ D+Φ(X)] . (2.4)
We use the background field method [13] as it applies to superfields to perform
the perturbative expansion of < J+ (z)J+ (z
′) > . This involves expanding the
action and the supercurrent in terms of Riemann normal coordinates ξi on the
background manifold. The relevant expansions are:
2
∂ X i = ∂ X iB +∇ ξi + 13Rilmn(XB)∂ XnBξlξm + 112DjRilmn(XB)ξjξlξm∂ XnB
+ 1
60
DjDkR
i
lmn(XB)∂ X
n
Bξ
jξkξlξm − 1
45
RijkpR
p
lmn(XB)∂ X
n
Bξ
jξkξlξm + . . .
D+X
j = D+X
i
B +∇+ξi + 13Rilmn(XB)D+XnBξlξm + 112DjRilmn(XB)D+XnBξjξlξm
+ 1
60
DjDkR
i
lmn(XB)D+X
n
Bξ
jξkξlξm − 1
45
RijkpR
p
lmn(XB)D+X
n
Bξ
jξkξlξm + . . .
Gij(X) = Gij(XB)− 13Rikjl(XB)ξkξl − 13!DlRimjk(XB)ξlξmξk (2.5)
+ 1
5!
(−6DkDlRimjn(XB) + 163 RkjlpRminp(XB)) ξkξlξmξn + . . .
Φ(X) = Φ(XB) +DiΦ(XB)ξ
i + 1
2
DiDjΦ(XB)ξ
iξj + . . .
where the background covariant derivatives are
∇ ξi = ∂ ξi + Γijk(XB)ξi∂ XkB and ∇+ξi = D+ξi + Γijk(XB)ξjD+XkB ,
and XB is the background field. The expansions of the action and the supercurrent
(where the subscript B has been dropped) are:
S =
1
8piα′
∫
d2x d2θ
{
Gij(X)DαX
iDαXj + 2GijDαX
i∇αξj
+ Gij∇αξi∇αξj + RijklDαX iDαXjξkξl (2.6)
+ 4
3
RijklDαX
i∇αξjξkξl + 1
3
Rijkl∇αξi∇αξlξjξk + . . .
}
.
J+ = − 1
2piα′
{
Gij∂ X
iD+X
j +GijD+X
i∇ ξj + Gij∂ X i∇+ξi
+ Gij∇+ξi∇ ξj + RilmjξlξmD+X i∂ Xj + 13Rijkl∇+ξi∇ ξlξkξk
+ 2
3
Rilmn∂ X
n∇+ξiξlξm + 23RilmnD+Xn∇ ξiξlξm (2.7)
− α′
[
DiDjΦD+X
i∇ ξj + DiDjΦ∂ Xj∇+ξj
+DiΦ∇ ∇+ξi + 12DiDjΦ∇ ∇+(ξiξj) + . . .
]}
.
Following the standard procedure, we refer ξ to the tangent frames on the man-
ifold, ξa = Eaiξ
i , so that ξa is the quantum field used in the calculation and
∇αξa = Dαξa + ωiabDαX iξb, where ωiab is the spin connection.
3 The Three-Loop Correction to the Central Charge
We calculate the order (α′)2(Rabcd)
2 contributions to the central charge, and these
involve three-loop graphs. A priori we expect the result to be zero because as
mentioned previously, we know that the usual method of calculating βGij indicates
that it receives no two-loop corrections in the supersymmetric case.
3
It turns out that the expansions given previously in section 2 are sufficient to gen-
erate the four different types of graphs that yield (Rabcd)
2 contributions. We isolate
below the relevant interaction vertices from the Lagrangian and the supercurrent
that make up these graphs:
Lagrangian term:
Lint = 13RdfgeD+ξdD−ξeξfξg (3.1)
Supercurrent terms:
J = Gcd∂ ξ
cD+ξ
d + 1
3
Rabcdξ
cξd∂ ξbD+ξ
a (3.2)
The diagrams are evaluated entirely in coordinate-space using propagators G(z, z′).
We recall that a conserved quantity such as the supercurrent should not receive any
renormalization counterterms. In the one-loop case [4, 5], all the divergences that did
not cancel out between diagrams could be isolated into a tadpole integral, G(0). This
G(0) divergence cancelled out of both sides of (2.1) for the supercurrent because,
although it appeared in < JJ > on the left-hand side of the OPE, it also appeared in
< J > on the right. Because we expect that ultimately the supercurrent should be
finite, we evaluated the graphs in such a way that we kept only the finite pieces, while
noting that all the divergent terms we discard are of the form G(0), or δ(0)G(0).
However, we did not explicitly check this, and likewise we did not explicitly show
that contributions from the connection terms cancel among themselves. The latter
was verified in the bosonic and one-loop supersymmetric cases, and is expected
to be generally true. We used standard superspace techniques [11] in the actual
calculation of the diagrams, paying particular attention when doing the D-algebra
to the fact that one is not computing an effective action here, but an OPE. Because
of the structure of the OPE, the points z and z′ are not integrated over, and this
means that one cannot push D’s past those points on the diagrams.
The superspace propagator in coordinate-space is
∆(z, z′) = ξi(z)ξj(z′) = −1
2
α′δij ln(S S ) = −1
2
α′δijG(z, z′) (3.3)
and in doing the D-algebra we eliminate propagators from the diagrams (thus bring-
ing two superspace points u and v together) by applying the following equation:
Du
−
Du+∆(u, v) = −2piα′δ(4)(u− v) (3.4)
where ∆(u, v) is understood to be suitably defined by a cut-off µ whenever this
equation is used.
The four types of graphs that contribute to the (Rabcd)
2 term in the central
charge are shown in Figure 1. All the graphs yield contributions of the general form
1
S 3
Ri(jk)lR
ijkl
[
G(z, z′) +G(z, z′)2
]
(3.5)
4
where G(z, z′) = ln(S S ) = lnS + lnS , formally.



 







(a)
 (b)
(c) (d)
Figure 1: Diagrams Contributing to the Central Charge. Crosses
Denote Supercurrent Vertices while Dots Denote Interaction
Vertices.
The perturbation expansion of < J+ (z)J+ (z
′) > generates large numbers of
specific contributions for the four types of graphs shown in Figure 1. Initially there
are over 300 different permutations of the derivatives for the four graphs, but many
of these can be shown to be zero by D-algebra, or because λ+λ+ = 0, or are discarded
because they give contributions involving G(0). Tables of the relevant diagrams and
their associated contributions can be found in [12]. A sample calculation of one of
the graphs of type (d) is given in the appendix.
Combining all the separate contributions for the various types of graphs gives:
Diagrams of type (a):
1
9
(α′)2
256pi2
i
S 3
Ra(bc)dR
abcd
[
4G(z, z′) + 4G(z, z′)2
]
(3.6)
Diagrams of type (b):
1
9
(α′)2
256pi2
i
S 3
Ra(bc)dR
abcd
[
−8G(z, z′)− 8G(z, z′)2
]
(3.7)
Diagrams of type (c):
1
9
(α′)2
256pi2
i
S 3
Ra(bc)dR
abcd
[
−8G(z, z′) + 8G(z, z′)2
]
(3.8)
Diagrams of type (d):
1
9
(α′)2
256pi2
i
S 3
Ra(bc)dR
abcd
[
12G(z, z′)− 4G(z, z′)2
]
(3.9)
By summing the above four terms, we obtain the complete result, which is zero
as expected. Therefore we find that there are no additional corrections to βGij of the
form Ri
klmRjklm because there are no (Rijkl)
2 corrections to βΦ.
5
4 Conclusion
We have used results from superconformal field theory involving operator product
expansions to obtain information about the β-functions of the N=1 supersymmetric
non-linear σ-model. In particular, by computing the operator product expansion
of the supercurrent with itself, we identified terms of the form (α′)2(Rijkl)
2 that
might contribute to the central charge, and hence give a new contribution to the
dilaton β-function at three-loops. However, when all the terms are summed, the
complete result is found to be zero, in agreement with results obtained previously
using standard methods.
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Appendix
(1,1) superspace is four-dimensional space that is parametrized by two commuting
coordinates xa (a = 0, 1), and two anticommuting coordinates θα (α = 1, 2). We use
a one-component spinor notation (+,−) in which + (−) corresponds to the +1/2 (−1/2)
helicity representation. The spinor coordinates are denoted by θ+ and θ−, and the
light-cone components of xa are
x =
1√
2
(x0 + x1) and x = − 1√
2
(x0 − x1)
Our conventions are those of [11], but in (+,−) notation, the superspace derivatives
become
DA = (∂ , ∂ ,D+, D−)
where
D+ =
∂
∂θ+
+ iθ+∂ and D− =
∂
∂θ−
+ iθ−∂ .
We use the expressions listed below, which can be obtained from those in [11]
by carefully replacing a spinor index α with + or −, and a vector index a (or a pair
of spinor indices αβ) by or .
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Dα = εαβD
β → D+ = ε−+D− = −D− and D− = ε−+D+ = D+
D2 = 1
2
DαDα =
1
2
(D+D+ +D
−D−) = D−D+ = D
−D+
{Dα, Dβ} = 2i∂αβ → {D+, D−} = 0, {D+, D+} = 2i∂ , {D−, D−} = 2i∂
(D2)
2
= ✷ ✷ = ∂ ∂ = −p2 if i∂ → p
θ2 = 1
2
θαθα = θ−θ+ = θ
−θ+
D2D+ = −D+D2 = i∂ D+ and D2D− = −D−D2 = i∂ D−
In the actual computation of the diagrams, we only need terms with the deriva-
tives (∂ ,D+) acting on propagators, and so we can effectively drop the lnS term
in the propagator, G = lnS S . We need the following identities:
Dz+S = i(θ − θ′)+ ≡ iλ+ = Dz
′
+S
∂zG(z, z′) =
1
S
= −∂z′G(z, z′) , Dz
+
G(z, z′) =
iλ+
S
= Dz
′
+G(z, z
′)
(∂z )2G(z, z′) = − 1
S 2
, (∂z )3G(z, z′) =
2
S 3
∂z
′
G(z, z′)
←−
∂z
′
=
1
S 2
, Dz
+
G(z, z′)
←−
Dz
′
+ =
i
S
Graphs of the kind shown in Fig. 1(d) are the most complicated. They involve
integration over two vertices, u and v. We calculate the diagram in Figure 2 as an
example:




z’z
u
v
D
-
uD+
u
@
z
6=
D+
z
D
-
v
D+
v
@
z
0
6=
D+
z’
       Figure 2: Sample Diagram for D-algebra
Figure 2 gives:
2Ri(jk)lR
ijkl
∫
d4u d4v ∂zG(z, v) Dz+D
u
+G(z, u) D
v
+G(u, v) D
v
−
G(u, v)
× ∂z′G(v, z′) Du
−
Dz
′
+G(u, z
′)
7
Using (3.4) to integrate over u, and then integrating the Dv
−
by parts gives:
2Ri(jk)lR
ijklDz+D
z′
+G(z, z
′)
∫
d4v ∂zDv
−
G(z, v) Dv+G(z
′, v) ∂z
′
G(v, z′) G(z′, v)
= 2Ri(jk)lR
ijkl i
S
∫
d4v (−i) Dv+δ(z − v) Dz
′
+G(z
′, v) ∂z
′
G(v, z′) G(z′, v)
Now we integrate off the Dv+, and then do the v integral to get:
2Ri(jk)lR
ijkl i
S
∫
d4v iδ(z − v)(−i) Dz
+
Dz
′
+G(z
′, v) ∂z
′
G(v, z′) G(z′, v)
= 2Ri(jk)lR
ijkl i
S
iδ(z − v)(−i) Dz
+
Dz
′
+G(z
′, z) ∂z
′
G(z, z′) G(z′, z)
= 2Ri(jk)lR
ijkl i
S 3
G(z, z′) (× overall factors)
8
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